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ISOPERIMETRIC INEQUALITIES FOR THE EIGENVALUES OF
NATURAL SCHRO¨DINGER OPERATORS ON SURFACES
AHMAD EL SOUFI
Abstract. This paper deals with eigenvalue optimization problems for a fam-
ily of natural Schro¨dinger operators arising in some geometrical or physical
contexts. These operators, whose potentials are quadratic in curvature, are
considered on closed surfaces immersed in space forms and we look for geome-
tries that maximize the eigenvalues. We show that under suitable assumptions
on the potential, the first and the second eigenvalues are maximized by (round)
spheres.
1. Introduction and statement of main results
There has been remarkable interest in recent years in the eigenvalues of Schro¨dinger
operators with quadratic curvature potentials on surfaces. Operators of this type
appear in several contexts where the physics is strongly influenced by the geometry
and the topology of the surface. As examples we can cite stability properties of
interfaces in reaction-diffusion systems such as Allen-Cahn, see [1, 13, 14], and the
quantum mechanics on nanoscale structures, see [4, 5, 11]. In this paper we discuss
a natural isoperimetric problem for the eigenvalues of such operators on compact
immersed surfaces in the n-dimensional Euclidean space Rn or, more generally, in
a simply connected space form.
Let X : M → Rn be a regular compact immersed surface of Rn, which means
that M is a compact 2-dimensional differentiable manifold and X is a regular (of
class C2) immersion. The corresponding Laplace-Beltrami operator that we denote
−∆X , admits a positive unbounded sequence of eigenvalues
0 = λ1(−∆X) < λ2(−∆X) ≤ λ3(−∆X) ≤ · · · ≤ λi(−∆X) ≤ · · ·
These eigenvalues have been intensively studied during the last decades. Impor-
tant results have been proved regarding the existence of a uniform upper bound
for λi(−∆X) among surfaces of specified topology and area, the behavior of the
optimal upper bound in terms of the genus of the surface and the order i of the
eigenvalue (see [22, 19, 7, 8] for i = 2 and [18, 3] for i arbitrary), and the existence
and the determination of possible maximizing surfaces for the lowest eigenvalues
(see [15, 21] for surfaces of genus zero, [20] for tori, [19] for the case where M is
a projective plane, [17] and [6] for the case where M is a Klein bottle and [16] for
orientable surfaces of genus 2)
Let us denote by S2 the standard sphere of radius 1 naturally embedded in
R
3. Hersch [15] proved that the maximum of the first positive eigenvalue λ2(−∆X)
among immersed orientable surfaces X :M → Rn of genus zero and area |X(M)| =
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|S2| = 4π, is uniquely achieved by S2. This isoperimetric property fails as soon as
the genus of M is not zero. Indeed, for any M such that genus(M) ≥ 1, there exist
immersions X : M → Rn with |X(M)| = 4π and λ2(−∆X) > λ2(−∆S2). In fact,
according to [3], the supremum of λk(−∆X) over the set of all X : M → Rn such
that |X(M)| = 4π, is an nondecreasing function of the genus of M which tends
to infinity with a linear growth rate. Therefore, the second eigenvalue λ2(−∆X) is
not uniformly bounded over the set of all surfaces X :M → Rn of fixed area.
Surprisingly, the situation changes completely as soon as the Laplace-Beltrami
operator is penalized by the extrinsic curvature of the surface. Indeed, Ilias and the
author [10] proved that the standard sphere S2 maximizes the first two eigenvalues
of the operator −∆X − 2|HX |2 among all compact surfaces X : M → Rn of area
4π, where |HX | is the length of the mean curvature vector field. The same result
is also true for the operator −∆X − |hX |2, where |hX | is the length of the second
fundamental form ofX . A codimension 1 version of this last result was first obtained
by Harrell and Loss [14]. This phenomenon relies on the fact that, whilst the
eigenvalues of −∆X are of intrinsic nature, in the sense that they only depend on
the Riemannian metric induced on M by X (notice that, since the dimension of
the ambient Rn is not restricted, any Riemannian metric on M can be induced by
such an immersion thanks to Nash-Moser Theorem), the spectrum of −∆X −|hX |2
depends also on how the surface X(M) is bended in Rn. The results of [10] express
the fact that in order to induce large eigenvalues of −∆X , the surface X :M → Rn
must be more and more “bended”.
Now, as observed above, any compact surface X : M → Rn with genus(M) = 0
and |X(M)| = 4π, satisfies both λ2(−∆X) ≤ λ2(−∆S2) and λ2(−∆X + |hX |2) ≤
λ2(−∆S2+|hS2 |2). This motivated Harrell and Loss [14] to ask if one can interpolate
to get λ2(−∆X −α|hX |2) ≤ λ2(−∆S2 −α|hS2 |2) for all α ≥ 0. In the present article
we give a positive answer to this question. Actually, we put this problem into the
following more general setting : For all α ∈ R and β ∈ R, we consider the operator
LX,α,β = −∆X − (α|hX |2 + β|HX |2).
In the particular case of surfaces immersed in R3 one has
LX,α,β = −∆X − α(κ21 + κ22)−
1
4
β(κ1 + κ2)
2,
where κ1 and κ2 are the principal curvatures of the surface. In fact, any quadratic
symmetric polynomial of the principal curvatures can be written as α|hX |2+β|HX |2
for a suitable choice of α and β.
Recall that any compact totally umbilic surface X : M → Rn is a Euclidean 2-
sphere of a 3-dimensional linear subspace of Rn. Such a surface will be called “round
sphere”. For a round sphere of area 4π one has |hS2 |2 = 2|HS2 |2 = 2 and the lowest
two eigenvalues of LX,α,β are λ1(LS2,α,β) = −2α− β and λ2(LS2,α,β) = 2− 2α− β.
Let us start with the following result concerning the first eigenvalue.
Proposition 1. Let α ∈ R and β ∈ R be such that 4α+ β ≥ 0. For any compact
immersed surface X :M → Rn such that |X(M)| = 4π, one has
(1) λ1(LX,α,β) ≤ λ1(LS2,α,β)− εα genus(M),
where ε = 2 if M is orientable and ε = 1 otherwise.
If 4α+ β > 0, then the equality holds in (1) if and only if X(M) is a round sphere.
EIGENVALUES OF SCHRO¨DINGER OPERATORS ON SURFACES 3
If 4α+ β = 0 and α 6= 0, then the equality holds in (1) if and only if the surface M
endowed with the Riemannian metric induced by X has constant sectional curvature.
Remark 1. • The assumption 4α + β ≥ 0 is crucial in Proposition 1. For
instance, when α = 0 and β = −1, it is known that S2 becomes a minimizer
of λ1(−∆X+ |HX |2) among compact surfaces of genus zero immersed in R3
(see [12]) and it is conjectured that S2 should minimize λ1(−∆X −β|HX |2)
for all β ∈ (−1, 0).
• The case where 4α+ β = 0 corresponds to the situation where the operator
LX,α,β is intrinsic (i.e. depends only on the Riemannian metric induced on
M by X). Indeed, thanks to the Gauss equation |hX |2 = −2KX + 4|HX |2,
we have in this case LX,α,−4α = −∆X +2αKX, where KX is the Gaussian
curvature of M with respect to the metric induced by X.
• Regarding the equality case in (2) when 4α + β = 0, it is well known that
in R3, round spheres are the only immersed surfaces of constant sectional
curvature. However, there exist examples of isometrically immersed spheres
which are not round. For instance, the map X(x, y, z) = (cosx, sinx, y, z)
induces an isometric embedding from the standard sphere into R4 whose
image is not totally umbilic.
Regarding the second eigenvalue, we first discuss the case of surfaces of genus
zero (i.e. topologically equivalent to a sphere).
Theorem 1. Let M be a compact surface of genus zero and let α ∈ R and β ∈ R
be such that 4α+ β ≥ 0. For any immersion X : M → Rn such that |X(M)| = 4π,
one has
(2) λ2(LX,α,β) ≤ λ2(LS2,α,β).
If 4α+ β > 0, then the equality holds in (2) if and only if X(M) is a round sphere.
The first part of this theorem extends the result of Harrell [13] concerning the
special case where n = 3, α ≥ 0 and β ≥ −2α. Indeed, these conditions on α and β
are equivalent to the non-negativity of α|hX |2+β|HX |2 = α(κ21+κ22)+ 14β(κ1+κ2)2
as a quadratic form in the principal curvatures κ1 and κ2.
For surfaces of higher genus, we obtain the following
Theorem 2. Let M be a compact orientable surface of genus γ ≥ 1 and let α ∈ R
and β ∈ R be such that α ≥ 0 and 4α+ β ≥ 0. If either
i) γ is even and 8α+ β > 2, or
ii) γ is odd and 4 2γ+1γ+1 α+ β > 2,
then, for any immersion X : M → Rn such that |X(M)| = 4π one has
λ2(LX,α,β) < λ2(LS2,α,β).
A similar result can be obtained for non-orientable surfaces (see Proposition 3).
Let us come back to the one-parameter family of operators
LX,α := LX,α,0 = −∆X − α|hX |2.
As observed above, for any non-spherical surface X : M → Rn of area 4π, the
function α 7→ λ2(LS2,α)− λ2(LX,α) is always positive for α = 1 and often negative
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for α = 0. A natural question is to determine the bifurcation value for α that we
define as follows:
αX := inf{α0 ≥ 0 ; λ2(LX,α) ≤ λ2(LS2,α), ∀α ≥ α0},
or, in order to relax the condition |X(M)| = 4π,
αX := inf{α0 ≥ 0 ; λ2(LX,α)|X(M)| ≤ 4πλ2(LS2,α), ∀α ≥ α0},
An immediate consequence of Theorem 1 and Theorem 2 above is the following
Corollary 1. Let X :M → Rn be a compact immersed orientable surface.
i) If the genus of M is zero, then αX = 0
ii) If the genus of M is even, then αX ≤ 14
iii) If the genus γ of M is odd, then αX ≤ γ+14γ+2 .
Assertion (i) of this corollary answers the question of Harrell and Loss [14].
Example 1. For surfaces of genus 1 (immersed tori), Corollary 1 gives: αX ≤ 13 .
Let us compute the exact value of αX for two particular immersed tori :
- the Clifford torus T := S1( 1√
2
) × S1( 1√
2
) naturally embedded in R4, for
which |T| = 2π2, |hT|2 = 4|HT|2 = 4 and λ2(−∆T) = 2 (indeed, T is a flat
minimal surface in S3). Thus, λ2(LT,α)|T| = 4π2(1− 2α). Comparing with
λ2(LS2,α) |S2| = 8π(1− α), we get
αT =
π − 2
2(π − 1) ≈ 0.2665,
- the equilateral torus M = R2/Z(1, 0)⊕ Z(12 ,
√
3
2 ) embedded in S
5 ⊂ R6 by
X(x, y) =
1√
3
(e4ipiy/
√
3, e2ipi(x−y/
√
3), e2ipi(x+y/
√
3)).
Again, X(M) is a flat minimal surface in S5 with |X(M)| = 4pi2√
3
, |hX |2 =
4|HX |2 = 4 and λ2(−∆X) = 2. This yields λ2(LX,α) |X(M)| = 8pi2√3 (1−2α)
and, then,
αX =
π −√3
2π −√3 ≈ 0.3097.
All the results above can be transposed in a more general setting. Indeed, for any
c ∈ R, let Nn(c) be the simply connected space form of curvature c and dimension
n (that is Nn(c) is isometric to Rn for c = 0, the standard sphere Sn for c = 1 and
the hyperbolic space Hn for c = −1). For any immersed surface X : M → Nn(c),
we still denote by ∆X the corresponding Laplace-Beltrami operator and by hX and
HX the second fundamental form and the mean curvature vector, respectively. As
above, we consider the operator
LX,α,β = −∆X − (α|hX |2 + β|HX |2).
Among the immersed surfaces X : M → Nn(c) of Nn(c), the geodesic spheres of
N3(c) play a particular role. These spheres are totally umbilic and any compact
totally umbilic surface of Nn(c) is a geodesic sphere of N3(c) →֒ Nn(c).
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Theorem 3. Let X :M → Nn(c) be a compact surface immersed in Nn(c) whose
genus and area are denoted by γ and a, respectively. Let α ∈ R and β ∈ R be such
that 4α+ β ≥ 0.
(I) One has
(3) λ1(LX,α,β) ≤ λ1(LS(a),α,β)−
4επ
a
αγ,
where S(a) is a geodesic sphere of area a in N3(c), ε = 2 if M is orientable and
ε = 1 otherwise. Moreover, if 4α+ β > 0, then the equality holds in (3) if and only
if X(M) is a totally umbilic 2-sphere. If 4α + β = 0 and α 6= 0, then the equality
holds in (3) if and only if M endowed with the metric induced by X has constant
sectional curvature.
(II) Assume furthermore that M is orientable and that one of the following holds
i) γ = 0,
ii) γ is even, α ≥ 0 and 8α+ β ≥ 2,
iii) γ is odd, α ≥ 0 and 4 2γ+1γ+1 α+ β ≥ 2,
then
(4) λ2(LX,α,β) ≤ λ2(LS(a),α,β).
Moreover, if γ = 0 and 4α + β > 0, then the equality holds in (4) if and only if
X(M) is a totally umbilic 2-sphere.
For a similar result concerning non-orientable surfaces, see Proposition 3.
2. Proof of results
Let M be a 2-dimensional compact manifold and let X : M → Nn(c) be a
regular immersion (of class C2). In all the sequel we denote by hX the second
fundamental form and by HX :=
1
2 tracehX the mean curvature vector field of the
immersed surface X : M → Nn(c). For any α ∈ R and β ∈ R, we consider on M
the operator
LX,α,β = −∆X − (α|hX |2 + β|HX |2)
whose spectrum consists of a nondecreasing and unbounded sequence of eigenvalues
λ1(LX,α,β) < λ2(LX,α,β) ≤ λ3(LX,α,β) ≤ · · · ≤ λi(LX,α,β) ≤ · · ·
Geodesic spheres S(a) of area a in N3(c) are totally umbilic and have constant
Gauss curvature so that KS(a) =
4pi
a and |hS(a)|2 = 2|HS(a)|2 = 2
(
4pi
a − c
)
. Hence,
λ1(LS(a),α,β) = −(2α+ β)
(
4π
a
− c
)
and
λ2(LS(a),α,β) =
8π
a
− (2α+ β)
(
4π
a
− c
)
.
It is well known that the minimum of the functional
∫
M |HX |2 among immersed
surfaces of Rn is uniquely achieved by round spheres (see [2]). This result can be
easily generalized as follows
Lemma 1. For any compact surface X :M → Nn(c) one has
(5)
∫
M
(|HX |2 + c) vX ≥ 4π
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where vX is the volume element induced by X on M . Moreover, the equality holds
in (5) if and only if X(M) is a totally umbilic 2-sphere.
Proof. It is well known that the integral
∫
M (|hX |2−2|HX |2)vX does not vary under
conformal changes of metric in the ambient space. Since the manifold Nn(c) (minus
a point if c > 0) is conformally equivalent to Rn, the surface X(M) can be seen as
immersed in Rn endowed with a metric of constant curvature c conformal to the
standard one. We denote by X the immersion X considered as an immersion into
the standard Rn. Hence,
(6)
∫
M
(|hX |2 − 2|HX |2)vX =
∫
M
(|hX |2 − 2|HX |2)vX .
From Gauss equation, we get
|hX |2 − 2|HX |2 = 2
(|HX |2 + c−KX)
and
|hX |2 − 2|HX |2 = 2
(|HX |2 −KX) .
Since
∫
M
KXvX =
∫
KXvX (Gauss-Bonnet theorem), we obtain after integration
and identification, ∫
M
(|HX |2 + c) vX =
∫
M
|HX |2vX ≥ 4π,
where the last inequality is the classical Willmore-Chen inequality [2].
Now, the equality in (5) implies the equality
∫
M |HX |2vX = 4π which holds
if and only if the immersed surface X : M → Rn is a round sphere in Rn (see
[2]). Using (6), we deduce that the surface X : M → Nn(c) is totally umbilic in
Nn(c). 
Proof of Proposition 1 and Theorem 3 (I) . Using constant functions as trial func-
tions in the Rayleigh quotient we get
λ1(LX,α,β) ≤ 1|X(M)|
(
−α
∫
M
|hX |2 − β
∫
M
|HX |2
)
.
Gauss equation yields
|hX |2 = −2KX + 4|HX |2 + 2c.
Integrating over M we get, thanks to Gauss-Bonnet formula (
∫
M
KXvX = 2π(2 −
εγ)), ∫
M
|hX |2 = 4π(εγ − 2) + 4
∫
M
|HX |2 + 2c|X(M)|
with ε = 2 if M is orientable and ε = 1 otherwise. Hence,
λ1(LX,α,β) ≤ −1
a
(
4απ(εγ − 2) + 2cαa+ (4α+ β)
∫
M
|HX |2
)
.
Since 4α+ β ≥ 0, one can replace ∫M |HX |2 by its lower bound given by Lemma 1,
that is 4π − ca. Thus,
λ1(LX,α,β) ≤ −1
a
[4απ(εγ − 2) + 2cαa+ (4α+ β)(4π − ca)]
= λ1(LS(a),α,β)−
4επ
a
αγ.
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If 4α+ β > 0, then the equality in (3) implies the equality
∫
M
|HX |2 = 4π − ca
which implies that X is a totally umbilic immersion (Lemma 1).
If 4α+β = 0, then the equality in (3) holds if and only if the constant functions
are first eigenfunctions of the operator LX,α,−4α = −∆X + 2αKX which implies
that the Gaussian curvature KX is constant on M .

The main ingredient in the proof of results concerning the second eigenvalue is
the conformal area introduced by Li and Yau [19] as follows. Let g be a Riemannian
metric on M . For any integer d ≥ 2 and any conformal map f from (M, g) to the
d-dimensional standard sphere Sd, we set
Ac(f) = sup
φ∈G(d)
|φ ◦ f(M)|
where G(d) is the group of conformal transformations of Sd. The conformal area
Ac(M, [g]) of the conformal class of (M, g) is defined as the infimum of Ac(f),
where f runs over the set of all conformal maps from (M, g) to standard spheres of
arbitrary dimensions.
Li and Yau proved that if a conformal map f : M → Sd is such that f−1(x)
contains k points for some x ∈ Sd, then
Ac(f) ≥ 4πk.
Consequently,
(7) Ac(M, [g]) ≥ 4π.
On the other hand, they showed that the conformal area of a surface of genus γ
can be estimated from above in terms of γ. In [7], Ilias and the author noticed that
the lower bound given in [19] can be improved as follows:
(8) Ac(M, [g]) ≤


4π
[
γ+3
2
]
if M is orientable
12π
[
γ+3
2
]
if M is non-orientable,


where [x] stands for the integer part of x.
Li and Yau also proved that for surfaces in Rn, the integral
∫
M
|HX |2 is bounded
below by the conformal area. This result extends to surfaces in Nn(c). Recall first
that for all c ∈ R, Nn(c) admits a natural conformal map Πc : Nn(c)→ Sn into the
standard sphere Sn. For instance, Π0 can be taken as the inverse of a stereographic
projection and, using the model of the pseudo-sphere in the Minkowski space for
Hn, we can take Π−1(x0, x1, . . . , xn) =
1
x0
(1, x1, . . . , xn).
Lemma 2. For any compact surface X :M → Nn(c) one has∫
M
(|HX |2 + c) vX ≥ Ac(Πc ◦X) ≥ Ac(M, [gX ]),
where gX is the Riemannian metric induced by X on M .
Proof. Since the Riemannian metric induced on Nn(c) by Πc is conformally equiv-
alent to the standard one, we have thanks to the invariance of
∫
M
(|hX |2 − 2|HX |2)
under conformal changes of metric in the ambient space,∫
M
(|hX |2 − 2|HX |2)vX =
∫
M
(|hΠc◦X |2 − 2|HΠc◦X |2)vΠc◦X .
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Moreover, for any conformal transformation φ of Sn, the map φ ◦Πc : Nn(c)→ Sn
is conformal and one has∫
M
(|hX |2 − 2|HX |2)vX =
∫
M
(|hX˜ |2 − 2|HX˜ |2)vX˜ ,
where X˜ = φ ◦ Πc ◦ X . As in the proof of Lemma 1, using Gauss equation and
Gauss-Bonnet theorem we deduce∫
M
(|HX |2 + c) vX =
∫
M
(|HX˜ |2 + 1) vX˜ ≥ |X˜(M)|.
Thus, ∫
M
(|HX |2 + c) vX ≥ sup
φ∈G(d)
|φ ◦Πc ◦X(M)| = Ac(Πc ◦X).

In [19], Li and Yau proved that the second eigenvalue of the Laplace-Beltrami
operator is dominated in terms of the conformal area. Ilias and the author [9]
extended this result to Schro¨dinger type operators as follows.
Lemma 3 ([9]). For any continuous function q on M , one has
λ2(−∆X + q) |X(M)| ≤ 2Ac(M, [gX ]) +
∫
M
q.
The proof of Theorem 3 follows from the following
Proposition 2. Let X : M → Rn be a compact orientable immersed surface of
genus γ such that |X(M)| = a and let α ∈ R and β ∈ R be such that 4α+ β ≥ 0.
(i) If γ = 0, then
λ2(LX,α,β) ≤ λ2(LS(a),α,β).
(ii) If 4α+ β ≥ 2, then
λ2(LX,α,β)− λ2(LS(a),α,β) ≤ −
8π
a
αγ.
(iii) If 0 ≤ 4α+ β ≤ 2 and γ is even, then
λ2(LX,α,β)− λ2(LS(a),α,β) ≤ −
4π
a
γ
2
(8α+ β − 2) .
(iv) If 0 ≤ 4α+ β ≤ 2 and γ is odd, then
λ2(LX,α,β)− λ2(LS(a),α,β) ≤ −
4π
a
γ + 1
2
(
4
2γ + 1
γ + 1
α+ β − 2
)
.
Proof. Applying Lemma 3 with q = −α|hX |2 − β|HX |2, one obtains
λ2(LX,α,β) ≤ 1|X(M)|
(
2Ac(M, [gX ])− α
∫
M
|hX |2 − β
∫
M
|HX |2
)
.
With the same notations as in the proof of Proposition 1, we have∫
M
|hX |2 = 4π(εγ − 2) + 4
∫
M
|HX |2 + 2c|X(M)|.
Hence,
λ2(LX,α,β) ≤ 1
a
(
2Ac(M, [gX ])− 4απ(εγ − 2)− 2cαa− (4α+ β)
∫
M
|HX |2
)
.
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Since 4α+ β ≥ 0, we may apply Lemma 2 to get
(9) λ2(LX,α,β) ≤ 1
a
[(2− 4α− β)Ac(M, [gX ])− 4απ(εγ − 2) + (2α+ β)ca] .
(i) Assume γ = 0. Then (M, gX) is conformally equivalent to the standard sphere
and we have Ac(M, [gX ]) = Ac(S
2) = 4π. Thus,
λ2(LX,α,β) ≤ 1
a
[4π(2− 4α− β) + 8απ + (2α+ β)ca]
=
8π
a
− (2α+ β)
(
4π
a
− c
)
= λ2(LS(a),α,β).
(ii) Assume 4α+β ≥ 2. Then one can replace in (9) the conformal area Ac(M, [gX ])
by its universal lower bound 4π and obtain
λ2(LX,α,β) ≤ 1
a
[4π(2− 4α− β)− 4απ(εγ − 2) + (2α+ β)ca]
= λ2(LS(a),α,β)−
4π
a
εαγ.
(iii) and (iv) Assume 0 ≤ 4α + β < 2. Using (9) and (8) we get in the orientable
case (ε = 2),
λ2(LX,α,β) ≤ 1
a
(
4π(2 − 4α− β)
[γ + 3
2
]
− 4απ(2γ − 2) + (2α+ β)ca
)
= λ2(LS(a),α,β) +
4π
a
(
(2− 4α− β)
[γ + 1
2
]
− 2αγ
)
.
Replacing [γ+12 ] by
γ
2 when γ is even and by
γ+1
2 when γ is odd, we get the desired
inequalities. 
In the non-orientable case, the same arguments lead to the following
Proposition 3. Let X : M → Nn(c) be a compact non-orientable immersed surface
of genus γ such that |X(M)| = a and let α ∈ R and β ∈ R be such that 4α+β ≥ 0.
(i) If 4α+ β ≥ 2, then
λ2(LX,α,β)− λ2(LS(a),α,β) ≤ −
4π
a
αγ.
(ii) If 0 ≤ 4α+ β ≤ 2 and γ is even, then
λ2(LX,α,β)− λ2(LS(a),α,β) ≤ −
4π
a
3γ + 4
2
(
(4 +
2γ
3γ + 4
)α + β − 2
)
.
(iii) If 0 ≤ 4α+ β ≤ 2 and γ is odd, then
λ2(LX,α,β)− λ2(LS(a),α,β) ≤ −
4π
a
3γ + 5
2
(
(4 +
2γ
3γ + 5
)α + β − 2
)
.
Proof of Theorem 1, Theorem 2 and Theorem 3 (II). Let X : M → Nn(c) be a
compact immersed surface. When M is of genus zero, Proposition 2(i) gives, for all
α ∈ R and β ∈ R such that 4α+ β ≥ 0,
λ2(LX,α,β) ≤ λ2(LS(a),α,β).
Moreover, from the proof of this proposition, we see that if the equality holds with
4α+β > 0, then
∫
M
(|HX |2 + c) vX = Ac(M, [gX ]) = 4π which implies that X(M)
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is totally umbilic (Lemma 1). This completes the proof of the first part of Theorem
3 (II) and Theorem 1.
Assume now the genus γ of M is even, γ 6= 0, and 8α + β > 2. Then either
4α+β ≥ 2 or 0 ≤ 4α+β < 2. In both cases, Proposition 2 gives the strict inequality
λ2(LX,α,β) < λ2(LS(a),α,β). The same argument works in the case where γ is odd.
Thus, Theorem 2 as well as the last part of Theorem 3 (II) are proved.

We end this discussion with the following result concerning non-orientable sur-
faces of the lowest genus. Indeed, such a surface is homeomorphic to the real
projective plane whose genus is 1. The Veronese surface V : RP 2 → R6, naturally
embedded in R6, is given by
V (x, y, z) = (x2, y2, z2,
√
2xy,
√
2xz,
√
2yz),
where RP 2 is considered as quotient of the standard sphere. This surface lies as
a minimal surface in the 4-dimensional sphere (of radius
√
2
3 centered at (
1
3 ,
1
3 ,
1
3 ))
obtained as the intersection of S5 with the hyperplane {X + Y + Z = 1}. It
has constant Gaussian curvature KV =
1
2 and area |V (Rp2)| = 4π. Moreover,
|HV |2 = 32 , |hV |2 = 5 and λ2(−∆V ) = 3. Thus
λ1(−∆V − α|hV |2 − β|HV |2) = −5α+ 3
2
β
and
λ2(−∆V − α|hV |2 − β|HV |2) = 3− 5α+ 3
2
β.
Proposition 4. Let M be a non-orientable compact surface of genus one (i.e.
homeomorphic to RP 2) and let α ∈ R and β ∈ R be such that 4α+ β ≥ 0. For any
immersion X :M → Rn such that |X(M)| = 4π, one has
λ1(LX,α,β) ≤ λ1(LV,α,β)
and
λ2(LX,α,β) ≤ λ2(LV,α,β)
Proof. The real projective plane carries only one conformal class of metrics with
Ac(M, [gX ]) = 6π. Following exactly the same steps as in the proof of Theorem 3
above, we get the desired inequalities.

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